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ABSTRACT

Modelvalidationandflight testdataanalysisrequirecarefulconsiderationof theeffectsof uncertainty,
noise,andnonlinearity. Uncertaintyprevails in the dataanalysistechniquesandresultsin a composite
modeluncertaintyfrom unmodeleddynamics,assumptionsandmechanicsof theestimationprocedures,
noise,andnonlinearity. A fundamentalrequirementfor reliableandrobustmodeldevelopmentis anat-
tempt to accountfor eachof thesesourcesof error, in particular, for modelvalidation, robust stability
prediction,andflight control systemdevelopment.This paperis concernedwith dataprocessingproce-
duresfor uncertaintyreductionin modelvalidationfor stabilityestimationandnonlinearidentification.

F/A-18 Active AeroelasticWing (AAW) aircraft datais usedto demonstratesignal representation
effectsonuncertainmodeldevelopment,stabilityestimation,andnonlinearidentification.Datais decom-
posedusingadaptiveorthonormalbest-basisandwavelet-basissignaldecompositionsfor signaldenoising
into linearandnonlinearidentificationalgorithms.Nonlinearidentificationfrom awavelet-basedVolterra
kernelprocedureis usedto extract nonlineardynamicsfrom aeroelasticresponses,andto assistmodel
developmentanduncertaintyreductionfor modelvalidationandstability predictionby removing a class
of nonlinearityfrom theuncertainty.

INTRODUCTION

Aeroelasticandaeroservoelastic(ASE)flight dataanalysisandmodelvalidationmustnecessarilycope
with uncertainty, noise,andnonlinearity. Modeluncertaintybetweenahigh-fidelitycomputationalmodel,
reduced-order(ref. [1]) model,or a linear model,anda descriptive representationof the actualaircraft
dynamicsis inevitable.ASEsystemscompriseinteractionsof generallymulti-inputmulti-outputsampled-
datacontrol feedbackwith actuationdynamicscoupledwith ASE. Highly augmentedclosed-loopflight
testdatarequireextra carein distinguishingsystemcomponentdynamics. Importantconsiderationsof
uncertaintyclassificationrelative to thesignalprocessingandidentificationprocedures,versusanactual
modelmis-match,mustbeassessedandminimizedfor accuratemodelupdates.

Identificationof ASE dynamicspresentsoneof the greatestchallengesfor flight dataanalysis.Un-
steadyaerodynamics,turbulence,shockeffects,andspatiallylocal behaviors areoftendifficult to quan-
tify, especiallywith inadequateinstrumentation.Exogenousinputsandasymmetriccharacteristicscreate
problemsfor observability andidentifiability. Modelverificationoveranextensiveflight envelopepresents
morechallenges.Testdataacquisitionisexpensivesomaneuversaredesignedfor maximumefficiency and
dataquality with sometimescostlyconsequences.Verificationmethodsaredesiredwhich accuratelyand
efficiently include identificationof critical parameters,addressmismodelingandunmodeleddynamics,
dealwith testconditionandsystemvariability, andderive data-consistentparametricandnonparametric
uncertaintydescriptions(ref. [2, 3]). Non-parametricdescriptionsareaddressedin thispaper.

Thispaperattemptsto approachestimationof ASEmodelswith proceduresto accountfor uncertainty,
noise,andnonlinearity. Setmembershipidentificationin theform of boundederrorestimation(ref. [2, 4])
hasbeenusedpreviously to characterizefeasiblesetsof parameterswith uncertaintyestimatesconsistent
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with thedata,modelstructure,andprior informationonuncertaintybounds.Minimum uppererrorbounds
computedwith parameterestimatesresult in a feasiblesetdescribedasa function of the error bounds,
therebyresultingin error boundsdescribinga smallestnon-emptyfeasibleset. Theseerror boundscan
be refinedwith appropriatedatadecompositionswhich extract relevant featuresfrom a time-frequency
perspective.

Extractionof local timeandfrequency contentof signalshasbeenshown to beusefulin nonstationary
signalanalysisfor classification,recognition,andinterpretation(ref. [5, 6]). Automatedtechniquesare
beingpursuedto detectimpulsive, wide-band,andharmoniccomponentsby adaptive trackingof time-
frequency andtime-scalevariationsof multi-componentsignals(ref. [7, 8, 9]). Bestbasisalgorithmsseek
to generatefastadaptive sparserepresentationsthathave enhancedresolutioncomparedto non-adaptive
approaches.Theseatomicdecompositionsactonovercompletedictionariesfor moregeneralanalysisover
awideclassof signals(ref. [10,11]). However, adaptivetime-frequency localizationis moreefficientwith
orthogonalor approximatelyorthogonaldatadecompositionsthatprojectsignalsontofunctionsthatform
anorthonormalbasisof finite energy signals(ref. [12, 7, 13]).

Applicationof anadaptive orthogonaldatadecompositionis usedhereto optimally extract informa-
tion content. One techniqueusesa fastadaptive best-basisexpansionof signalsin local trigonometric
bases(ref. [12, 14])(LTBs). Anothernear-orthogonalredundantwaveletbasis(ref. [7, 15, 16, 17]) is also
usedfor nonstationarytime-frequency representations.Transferfunctionsarederived to demonstratea
lessconservativeuncertaintyboundfor robuststabilityanalysiswhenusingthesesignalrepresentations.

Thesesignalrepresentationsareincorporatedin a nonlinearmultiwavelet-basedVolterrakerneliden-
tification procedure(ref. [18, 19]) to discernnonlinear-plus-noisedynamicsfrom a bestunderlyinglin-
earrepresentation.Kernelsareidentifiedfrom wavelet-processeddataanddiscussionis presentedabout
theapplicabilityandfeasibility of identifying Volterrakernelsfrom nonlinearF/A-18 Active Aeroelastic
Wing (ref. [20]) flight data.

AEROSERVOELASTIC DATA ANALYSIS

TheASE open-loopplantmodelincludesrigid bodyandelasticmodes,coupledhigh-orderactuator
dynamics,andcontrolsurfacemodaldynamics(ref. [3]). Includingtheaerodynamiclag states,theASE
stateequationsare ��������
	�������������
	������������� �!�#"$�&% �� " ��&%'�&(*),+
consistingof input control surfacecommands , actuatorstates� � , rigid body states� " , flexible mode
states�&% , aerodynamiclag states� ( , and control surfacedisplacements) . Aeroservoelasticplant, - ,
is thereforerepresentedasthe state-spaceoperator. Associatedwith this time-domainrepresentationis
the transferfunction, -�.0/,1 , a function of the complex Laplacevariable, / , suchthat �2� -�.0/,1  , where-�.0/,1 ���3	4� .0/6587 � 1$9;: � . Controller <=.>/#1 is modeledsimilarly, but beingadigital implementation,it
is modeledasa functionof discretecomplex variable,? , as <=.>? �A@CBED 1 specifiedby thesamplingtime F
andazero-ordersample-holdat theinputof thecontroller.
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Figure1: Closed-loopASEmodelwith additive andmultiplicative plantuncertainty.

Multiplicativeuncertaintyis usedto representunmodeleddynamicsanderrorsfrom thefeedbacksen-
sors(

QSN � I�N ? N ) andactuatorinput commands(
QRJ � IKJ ? J ) asshown in Figure1. Eachof

I�N
and

IKJ
arediagonalcomplex perturbationsof appropriateoutputor input dimensions,with suitableweights T J
suchthattheuncertaintypertubationsarenorm-boundedby unity. Multiplicativeperturbationattheoutput
resultsin perturbedmodel U- N � .M5 	 I�N 1'- , andat the input the perturbedmodel is U- J � -V.E5 	 IKJ 1 .
Structuredrobust stability testsrepresentingthesetypesof uncertaintyaredescribedfrom the comple-
mentarysensitivity matrix functionsof complex -V.>/,1 and <=.0/,1 , namely, F N � -�<=.E5 	 -W<X1Y9;: andF J � <Z-V.E5 	 <Z-[1 9;: . Anotheruncertaintycharacterizationis the additive perturbation,

I ( , with per-
turbedplant U- (�� - 	 I ( , which is depictedin Figure1 (

Q (�� I ( ? ( ). The effect of real parametric
uncertaintyat theplantinputor outputcanbeshown to representanadditiveuncertaintyin theplanttrans-
fer function(ref. [2]). Necessaryandsufficient conditionsfor structuredrobuststability arethenderived
from thefollowing testson loop sensitivity functions(ref. [21, 22]) (where \ I�N \^]`_�a , \ IKJ \^]`_�a , and\ I ( \^]3_Aa ) with thestructuredsingularvalue, b , dependingon thetypeof uncertainty, c I�J � I�N � I (,d .bfe N .0TZg!F N T : 1Rh�a � bfe J .0TjiYF J TZk^1lh`a � bfe ( .0TZmY<=.E5 	 -W<X1 9;: TXn^1lh�apo

Data Decompositions

An uncertaintyboundestimationtechniquebasedon robust minimax estimation(ref. [2, 4]) is used
hereto demonstratetheeffectsof signalrepresentationsonrobuststabilityanalysis.Minimum uppererror
boundsarecomputedwith the ASE modelparameterestimatessuchthat the feasibleestimationset is
describedasa functionof theerrorboundswith no apriori assumptionon thenoiseor modeluncertainty.
Transferfunctionsarecomputedin therobustminimaxestimationschemeto identify input-outputparam-
etersandstructurederrorboundsconsistentwith thedata.Theseuncertaintyestimatesprovide structured
uncertaintyrepresentationsfor robust stability analysisuseful for model validation andcontrol system
design.
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Two typesof datadecompositions(projectionsof the dataonto a setof pre-definedbasisfunctions)
to be discussedin this paperare of concernfor either linear or nonlinearsignal analysisand system
identification.Many otheroptions(ref. [10, 8, 9, 11,23]) basedon time-frequency filtering, localization,
andwaveletdenoising(ref. [13]) ideashave shown promisefor signalenhancement,interpretation,and
analysis,andwill bepursuedfor ASEflight testdynamicsin futureresearch.Thetwo chosenin thispaper,
(1) local trigonometric(ref. [12]) and,(2) Morlet wavelet (ref. [15, 16]) bases,areillustrative of other
methodsandhavesoundtheoreticalandpracticaljustification.

Local time-frequency signaldecompositionsgenerallyrequirebasisfunctionswell localizedin both
timeandfrequency. Orthogonalityhelpsfor algorithmicefficiency. An adaptivedecompositionis desired
for betteraccuracy andsparsityin therepresentation.Signalsareprojectedontoorthonormalbaseseach
with differenttime-frequency propertiesbeforechoosingthebestbasiswith some(informationcost)op-
timality criteria. Popularandfastalgorithmsfor best-basisselectionincludewaveletpackets(ref. [14])
which allow for a generalbasisrepresentaionbut usuallyrequirea dyadicdecimationat eachscale,and
it canbe difficult to relatecoefficientsbetweenscalesor from a scaleto the original signal. LTBs have
excellenttime andfrequency resolutionandallow for simpleandfastalgorithms(ref. [12, 13,14]) while
relyingonly on trigonometricfunctions,whichmaynot beappropriatefor signalsof interest.

LTBs assigna ramp,or rising cutoff function qr.Est1 �vu^wyx�z {t| .�st1~}C�t��� z�� .�st1~} , which risesfrom zero to
unity in the interval c�7Wa � a d for |2� c � ��� � � ��� d and �Z� c#� �#� g d . Windows arecreatedfrom the ramp
functionsappliedto bothsidesof eachinterval. Localcosinesareconstructedby dilating,normalizing,and
translatingwindowedblockcosinesoveradisjointpartitionof intervalsof thesignal.Cosinesand/orsines
arethenusedasbasesto orthogonallyprojectthedataontocompactlysupportedwindowedtrigonometric
functionswhich arewell-localizedin time andfrequency. Adaptivity dependson best-basisalgorithms
choosingoptimal partitionsand correspondingcoefficients for the expansion. A reasonablecriteria is
thedecayrateof coefficientsasa functionof thepartition,which is quantifiedby thederivativeslocally
at the intervals. Basedon this criteria the decisionto divide intervals is madelocally independentof
other changes(ref. [12]). By using the Fourier transformpropertyof derivation, _v��� �Y@ 9,� ���6�$� �^�S� �.'7 { ���f��� 5���1 � _�� �Y@ 9,� ���C�$� ��� � for partitionlength � 5�� , thealgorithmis efficient.

Waveletdecompositionsalsohave desirablepropertiesfor signaldecompositonsif thewaveletbasis
functionshave propertiesinherentto the signal. Morlet wavelet multiresolutionanalysiscan provide
efficient (well-matchedto the signal)anddescriptive coefficientsfor featuredetectionandidentification
purposes(ref. [7, 24,16]) muchlike theLTBs for sinusoidal-likesignals.

Results

Flutter andASE clearancein both the subsonicandsupersonicenvelopesfor the Active Aeroelastic
Wing is accomplishedwith multisinesweepssummedto pertinentactuatorcommands,aswasdoneprevi-
ouslyontheNASA DrydenF/A-18SystemsResearchAircraft (ref. [2]). The56structuralaccelerometers
aredistributedon the fuselage,empennages,andall control surfaces. Control systemfeedbacks,com-
mands,andsurfacepositionsarealsoavailablefor ASEmonitoring.Demonstrationof theeffectof signal
decompositionsinto theLTBs andtheMorlet waveletfunctionswill now bedemonstrated.
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This paperis concernedwith ASE stability estimationandaeroelasticdynamicsidentificationwith
signalsrepresentedas in Figure2. Here is the right rear-wingtip accelerometerresponseat Mach0.85,
15,000ftaltitudeduring a multisine input to the collective aileroncommand. The sweepsrun from 3-
35Hz for 26sec,andthis segmentis a portion between5-10secduring excitation of the first symmetric
wing bendingmode. The top plot is the raw dataat 200spsandthe secondplot is LTB-filtered with a
harddenoisingthresholdof theLTB coefficientsat 90%(ref. [12]). Hardthresholdingcorrespondsto an
optimizationof the signal into a bestbasisby minimizing the residualnorm amongstall datasetswith
a fixed numberof nonzerocoefficients determinedby the threshold(ref. [11]). Despitethis extreme
threshold,the signal looks remarkablysimilar to the original. However, the LTB-filtered signal must
correspondto a trigonometricbasis,and the residualshown on the sameplot (secondfrom the top) is
whitenoise.
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Figure2: AAW right rear-wingtip accelerometerresponse(g’s) of first symmetricwing bendingmodefrom multi-
sineexcitationto thesymmetricaileroncommand.Fromtop to bottom:
Raw data,LTB-filteredwith residual,Morlet-filtered,andresidualof Morlet-filteredsignal.

TheMorlet-filtereddatain thethird plot of Figure2 is clearlya sinusoidalbasisof thedatain-phase
with theoriginalsignal.A residualof theMorlet waveletcoefficientsin thefourthplot is calculatedasthe
signalreconstructionfrom thecoefficientsthatarenot usedin thereconstructionof thefilteredsignalof
thethird plot. Theseresidualwaveletcoefficientsareextractedfrom thescalogram(time-frequency map
of the wavelet coefficients)outsidethe region of the input signal. Hence,thesecontributionsaredueto
extraneoussignalcontentoutsideof thecommandedinputmultisinesweepsuchasfrom exogenousinput,
nonlinearity, andnoisein theresponse.TheseMorlet-derivedsignalrepresentationswill assistin linearvs
nonlineardynamicsidentificationusingVolterrakernelsin thenext section.
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Figure3: Mach0.85,5,000feet;Additive perturbationanalysis(MaxAdd),complex multiplicative (Complex), and
nominal(Nominal)modelanalysisusingcomplentarysensitivity functions� J and � N .
Left plotsarelongitudinalanalyses,andright plotsarelateral-directionalanalyses.
Raw data(top),LTB-filtereddata(middle),andMorlet-filtereddata(bottom).

To demonstratethe effectsof thesesignal representationson stability analysis,the raw data,LTB-
filtereddata,andMorlet-filteredfeedbackresponsesandcontrolcommandsareusedto computethecom-
plementarysensitivity functions cCF J � F N d andperformthestructuredrobuststability analysesrepresented
by Figure1 andexpressions(1). In thetop plotsof Figure3 andFigure4, raw datafrom two flight con-
ditionsarechosenfor longitudinalandlateral-directionalrobuststability analyses.Theseconditionsare
chosenasa transonic(Mach0.95,15K feet)anda highly turbulent (Mach0.85,5K feet)case.Multisine
inputsareaileron,outboardleadingedge,collectivestabilator, andruddercommands,andoutputsarenor-
mal andlateralacceleration,roll rate,pitch rate,andyaw ratefeedbacks.Additive perturbationanalysis
(MaxAdd)uses

I ( from Figure1 derivedfrom thedata,complex multiplicative(Complex) analysisis de-
rivedfrom updatedtransferfunctionsand c IKJ � I�N d from (1) basedon correctionsto thenominalmodels
to matchthedatain aminmiaxoptimizationprocedure(ref. [2, 4]), andthenominal(Nominal)analysisis
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Figure4: Mach0.95,15,000feet; Additive perturbationanalysis(MaxAdd), complex multiplicative (Complex),
andnominal(Nominal)modelanalysisusingcomplentarysensitivity functions� J and � N .
Left plotsarelongitudinalanalyses,andright plotsarelateral-directionalanalyses.
Raw data(top),LTB-filtereddata(middle),andMorlet-filtereddata(bottom).

alsocomplex multiplicativeuncertaintyanalysisat theinputandoutputfrom thebaselineanalysismodels.

Note the large errorsbetweennominalandupdatedmodelsat Mach0.85,andhigh gain levels in the
lateral-directionalresponsesnear10Hz (nearand above 0dB, and large uncertainty). Sincethe time-
domaindatadoesnot indicateatendency towardsresonanceor instability, theresponsesaresuspectdueto
turbulencelevelsor transoniceffects.LTB-filtereddatais usedto generatetheresponsesin themiddleplots
of Figures3 and4, wherethereis muchimprovementin the longitudinaluncertaintylevelsandmatches
betweenupdatedandnominalmodelsat Mach0.85,andsomeimprovementin thestill-conservativegain
levelsof thelateral-directionalresponses.

Finally, in thebottomplotsof Figure3 andFigure4 it is shown thattheMorlet-filteredresultsgener-
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ally producelessconservativestability margin andmorerealisticlateral-directionalgainlevelswherethe
modalpeaksnear10Hzaremorereasonablewith referenceto theflight data.Thisshowsareasonableim-
provementin theMorlet-filteredresponsesespeciallyin thetransonicandlateral-directionalcomparisons
with raw andLTB-filtereddata.

NONLINEAR AEROELASTIC DATA ANALYSIS

Volterraseriesrepresentationsprovideaconvenientframework for theanalysisof nonlineardynamical
systems.TheVolterratheoryof nonlinearsystemsstatesthatthesystemoutput � canbeexpressedin terms
of aninfinite seriesof integraloperatorsof increasingorder(ref. [25]). In practice,theseriesis truncated
and this paperconsidersVolterramodelsthat includeonly the first andsecond-orderoperators.For a
causal,time-invariant,single-input/single-outputsystem,thefirst andsecond-orderVolterraoperatorstake
theform � : .�st1 �A�� ¡£¢ : .E¤�1  .Es�7¥¤�1'¦§¤ (1)� g,.Est1 � �� ¡ �� ¡ ¢ g#.E¤ �$� 1  .Es¨7¥¤�1  .Es�7 � 1'¦p¤§¦ � (2)

where  is the input and ¢ : � ¢ g arethefirst andsecond-orderVolterrakernels.Collectively, theVolterra
kernelsprovide a modelof the systemsince,oncethe kernelshave beenidentified,the responseto any
arbitraryinputcanbedetermined.Thefirst-orderkernelrepresentsthelineardynamicsof thesystemwhile
thekernelsof second-orderandhighercharacterizethenonlineardynamics.It shouldbenotedthat,for a
linearsystem,thefirst-orderkernelis equivalentto the impulseresponseof thesystemandtheoutputis
givenby equation(1). Therefore,theVolterratheorycanbeviewedasanextensionof theconceptof linear
convolution to nonlinearsystems.In general,Volterraseriesareapplicableto systemsthatexhibit fading
memory. Fadingmemoryassertsthatpastinputshaveadiminishinginfluenceon thepresentoutput.This
impliesthatall of theVolterrakernelsof agivensystemdecayto zeroin afinite periodof time.

Volterra kernel identification

The difficulty in using Volterra seriesto model dynamicalsystemslies in the identificationof the
Volterrakernels.Fundamentally, kernelidentificationis an ill-posed,inverseproblemsincetheobjective
is to determinethesystemmodelfrom inputandoutputmeasurements.Also,alargenumberof coefficients
areoftenneededto representVolterrakernels,with thenumberincreasinggeometricallywith theorderof
thekernel.For example,adiscreteVolterramodelrequireson theorderof ©«ª coefficientsto representthe¬ th-orderkernelfor an © -dimensionaldataset. In view of theselimitations,many differentapproaches
havebeentakento identify Volterrakernelsin boththetimeandfrequency domains.Direct measurement
techniqueshave beenemployedwherebythekernelsareidentifiedin termsof theresponseof thesystem
to specificinputs.Theseincludeharmonicprobingandtheapplicationof impulsiveinputsto discrete-time
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systems(ref. [26]). Many approachesarestatisticalin natureandcanbeviewedasvariationsof thecross-
correlationtechniquedevelopedby LeeandSchetzen(ref. [27]) for Gaussianwhite noiseinputs. Other
methods,including the approachtaken in this paper, seekto expandthe kernelsin termsof a relatively
smallnumberof basisfunctionssuchasLaguerrepolynomials(ref. [28]) or decayingexponentials(ref.
[29]).

In this paper, orthonormal,piecewise-polynomialmultiwaveletsareusedto approximatethefirst and
second-orderkernelsof nonlinearaeroelasticsystems. Waveletsare compactly-supported,oscillatory
functionsthat areconstructedto satisfycertainpropertiessuchasorthogonality, smoothness,andsym-
metry requirements(ref. [13]). Multiwaveletscomposea setof wavelet functions c,S: � o6o6o �  " d thatare
generatedfrom a setof scalingfunctions c ® : � o6o6o � ® " d (ref. [30]). The scaledtranslatesanddilatesof
themultiwaveletsform a basisfor ¯ g .E°l1 , thespaceof square-integrablefunctions.Thescalingfunctions
generatea multiresolutionanalysis,a seriesof nestedapproximationspacesc ±�² d ²�³*´ . Eachspace±µ² is
definedas ±µ²·¶ � / ¬¹¸ �Vº�® B²'» ¼ ¶W½ �j¾¿� / � c�a � o6o6o � q dÁÀ
where ® B²'» ¼ � � ² � g ® B .0� ² 7Â½Á1
Hence,increasingthe dilation index Ã by one effectively doublesthe resolutionof the space±�² . The
translationindex ½ givesthepositionof the functionon the real line. Themultiwaveletsareconstructed
sothatthey spantheorthogonalcomplementspacesc TÄ² d :TÄ² � ±µ²tÅ :ÇÆ ±µ² � Ã �È¾ (3)

EachwaveletspaceT�² is definedasTÄ²É¶ � / ¬¹¸ �Vºp B²'» ¼ ¶W½ �j¾¿� / � c�a � o6o6o � q dÁÀ
where  B²'» ¼ � � ² � g  B .>� ² 7Â½Á1
Applying equation(3) recursively, theapproximationspace±µ²tÅ : canbedecomposedas±µ²tÅ : � T�²ËÊ�TÄ² 9;: Ê�ÌCÌCÌ,ÊÍT�²0ÎÏÊÍ±�²0Î (4)

whereÃ ¡ is thecoarsestresolutionlevel in thedecomposition.

Thispaperemployspiecewise-quadraticmultiwaveletsthathavebeenconstructedusingthetechnique
of intertwining(ref. [30]). This processderivesfour scalingfunctionsandassociatedmultiwaveletsfrom
the classicalquadraticfinite elementbasisfunctions. The detailsof this constructionandplots of the
multiwaveletsaregiven in Ref. [18]. This classof multiwaveletsis well-suitedfor theapproximationof
Volterrakernelsbecausethefunctionsareorthogonal,symmetricor antisymmetric,andareeasilyadapted
to thefinite domainsoverwhich thekernelsaresupported.

In usingthesemultiwaveletsfor kernelidentification,thefirst-orderkernelis first written in termsof a
fine-resolutionapproximationspace±�² as

¢ : » ²&.�¤�1 � iÐ B>Ñ : Ð ¼ÓÒ B²'» ¼ ® B²'» ¼ .E¤§1 (5)
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where c Ò B²~» ¼ d areconstantcoefficients. Equation(4) impliesthatanequivalent,multiscalerepresentation
of thekernelcanbeobtainedas

¢ : » ² .�¤�1 � ² 9;:ÐÔ Ñ ²0Î iÐ B>Ñ : Ð ¼ÖÕ BÔ » ¼  BÔ » ¼ .E¤§1 	 iÐ B0Ñ : Ð ¼ Ò B²0Î!» ¼ ® B²0Ît» ¼ .E¤§1
This multiscalerepresentation,termedthediscretewavelettransform,is desirablebecauseit decomposes
thekernelinto acoarse-scaleaverageover ±µ² Î andaseriesof detailsof varyingresolutionoverthewavelet
spacesT�²0Î � o6o6o � TÄ² 9;: . Furthermore,many of thecoefficientsin themultiscaleexpansionareoftenclose
to zeroandcanbeneglected,leadingto asparserepresentation.Thekernelidentificationproblemis easier
to formulatein termsof thesingle-scalerepresentationin equation(5). Fast,recursivealgorithmsarethen
appliedto relatethesingle-scalecoefficientsto themultiscalewaveletcoefficients.

In a similar manner, the second-orderkernel is expandedin termsof two-dimensionalscalingfunc-
tions and multiwavelets. Thesetwo dimensionalfunctionsare obtainedas the tensorproductsof the
one-dimensionalscalingfunctionsandwavelets.A single-scaleapproximationof thesecond-orderkernel
canbewrittenas ¢ g!» ² .E¤ �$� 1 � iÐB »   Ñ : Ð ¼*» � Ò B »  ²~»Ø×Ù¼*» �ÛÚ ® B²~» ¼ .�¤�1!®  ²'» � . � 1 (6)

andtheequivalentmultiscaleexpansionis givenby

¢ g!» ² .E¤ �$� 1 � iÐB »   Ñ : Ð ¼*» � Ò B »  ²0Î!»Ø×Ù¼^» �ÜÚ ® B²>Ît» ¼ .�¤�1t®  ²0Î~» � . � 1 	 ² 9;:ÐÔ Ñ ² Î iÐB »   Ñ : Ð ¼^» � Õ : »Ø× B »   ÚÔ »Ø×Ý¼*» �ÛÚ ® BÔ » ¼ .�¤�1'  Ô » � . � 1 (7)	 ² 9;:ÐÔ Ñ ²0Î iÐB »   Ñ : Ð ¼*» � Õ g!»Ø× B »   ÚÔ »Ø×Ý¼*» �ÛÚ  BÔ » ¼ .E¤§1!®  Ô » � . � 1 	 ² 9;:ÐÔ Ñ ²0Î iÐB »   Ñ : Ð ¼^» � Õ k!»Ø× B »   ÚÔ »Ø×Ý¼*» �ÛÚ  BÔ » ¼ .E¤§1'  Ô » � . � 1
It hasbeenshown that theVolterrakernelscanbeassumedto besymmetric.Underthis assumption,the
numberof uniquecoefficientsin equations(6) and(7) canbereducedby almosta factorof two.

The multiwavelet representationsof the first andsecond-orderkernelsaresubstitutedinto equations
(1) and(2), respectively. Then,usinga zero-orderhold approximationof theinput andoutput,thekernel
identificationproblemreducesto thematrixequation� ² ��� : » ² 	=� g!» ² �Óz�� : � g!}ÁÞ Õ :Õ gXß (8)

(seeRef. [18] for details). In equation(8), � ² representsa vector of discreteoutputsthat have been

sampledat � ² spsand � : » ² �$� g!» ² arevectorsof discretefirst andsecond-orderoutputs.ThevectorsÕ : andÕ g arecomposedof themultiscalewavelet coefficientsthat representthefirst andsecond-orderkernels.
Equation(8) is solved,in a least-squaressense,for thefirst andsecond-orderkernelcoefficients.In many
cases,thevectorsÕ : and Õ g canbetruncatedto obtainreduced-orderrepresentationsof thekernels.
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Results

The multiwavelet-basedVolterra kernel identificationmethodwasusedto extract first andsecond-
order kernelsfrom AAW flight data. In previous work, a similar approachwas appliedto flight data
from theAerostructuresTestWing (ATW), a small-scaletestwing thatwasdesignedto studyflutter (ref.
[19]). In that study, first-orderkernelsweresuccessfullyidentifiedfrom the flight dataat variousflight
conditions. The identified second-orderkernelswere essentiallyzero, indicating that the ATW was a
predominantlylinearsystemwith two degrees-of-freedom.TheAAW, on theotherhand,is a muchmore
complex systemwith many coupleddegrees-of-freedom,andtheflight dataclearlyindicatesthepresence
of aeroelasticnonlinearities.

In practice,first andsecond-orderVolterrakernelsmustbeidentifiedsimultaneouslybecausetheterms
in theVolterraseriesarenot orthogonal.TheMorlet waveletfiltering procedurecanbeusedto simplify
the identificationprocedureby decomposingthedatainto a linearcomponentanda residual.The linear
componentis generatedby correlatingthe input andoutputfrequenciesin thetime domain.Theportion
of theoutputthatmatchestheinput frequenciesis assumedto belinear. Theresidualdatais assumedto be
composedof nonlineardataandnoise. In this manner, a goodapproximationof the linearandnonlinear
portionsof theresponsedatais obtained.As anadditionalbenefit,muchof thenoisein thedatais removed
duringtheMorlet filtering process.Thefirst-orderkernelis thenidentifiedfrom theMorlet-filtereddata,
andthesecond-orderkernelis identifiedfrom theresidualdata.Of course,it is certainlypossiblethatthe
Morlet-filtereddatacontainssomenonlinearresponseat the input frequencies.Suchresponsecould be
modeledin termsof odd-orderkernelsof third orderandhigher, which arenotconsideredin this paper.

As anexample,first andsecond-orderkernelswereextractedfromAAW flight dataataflight condition
of a,à � �p�&� ft, Machnumber�roÝápà . The input wasa multisinecollective aileronsweepandtheoutputwas
takenasaccelerometerdatafrom theforward right wing just insidethewing fold. This data,which was
sampledat a,�&á sps,is shown in Figure5. It shouldbe notedthat the meanof both datasetshasbeen
removed to ignorevariationsin the trim conditionduring the maneuver. The Morlet filtering procedure
wasappliedto theaccelerometerdata.TheMorlet-filteredresponseandtheresidualareshown in Figure
6.

A first-orderkernel was identified from the Morlet-filtered data,which was assumedto be linear.
Then,a symmetric,second-orderkernelwasextractedfrom the residualdata,which wasassumedto be
composedof nonlineardataandnoise.Theidentifiedkernelsareshown in Figure7. Thememory, or time
duration,of eachkernelwaschosenby trial anderror to be the minimum time for eachkernelto decay
to zero.Minimizing thekernellengthsreducesthenumberof coefficientsthatmustbeidentified.This is
especiallysignificantfor thesecond-orderkernel,wheredoublingthememorywould increasethenumber
of coefficientsby a factorof four. Similarly, thenumberof waveletcoefficientsneededto representeach
kernel,which is directly relatedto thenumberof levelsof resolutionused,wasalsodeterminedvia trial
anderror. Basically, thenumberof resolutionlevelswasincreaseduntil thekernelsconvergedandthere
wasnobenefitin includingadditionalcoefficientsin themodel.Thefirst-orderkernelshown in Figure7 is
composedof �pàpâ wavelet functionsandhasa memoryof � seconds.Thesymmetricsecond-orderkernel
is representedin termsof à&ãra uniquewaveletcoefficientsandhasamemoryof a second.

Theoutputpredictedby the identifiedfirst-orderkernelis shown in Figure8. Also shown is a com-
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Figure5: Collective aileroninput andaccelerometerresponse(right wing forward,insidewing
fold) at flight conditionMach0.85,15,000ft.
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Figure6: Morlet-filtereddataandresidual.

parisonof theMorlet-filtereddataandthe identifiedfirst-orderdataover a smallwindow in time, corre-
spondingto theexcitationof the a6ä Hz mode. The identifiedoutputcloselymatchestheMorlet-filtered
datawith someamplitudedifference.

The responsepredictedby the identifiedsecond-orderkernel is depictedin Figure9. The predicted
second-orderresponseis mostlyconcentratedin the ã[7æå secondtime range.A detailedanalysisof the
residualdatarevealedsignificant aC� and a6ä Hz responsescorrespondingto input frequenciesof ã and â
Hz, respectively. This occurredin thetime rangeof ã87Âå secondsandis clearlyindicativeof a quadratic
nonlinearity. Thefact that this responseis evident in otherdatasetsdemonstratesthat it is indeeddueto
a nonlinearityandnot merelya linearresponseto externaldisturbances.As shown in thezoomed-inplot
in Figure9, the second-orderkernel is ableto predict this nonlinearresponseto a reasonabledegreeof
accuracy.
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Figure8: Linearoutputpredictedby theidentifiedfirst-orderkernel.

CONCLUSIONS

Datadecompositionsareinvestigatedfor morereliablestabilityestimateswhile accountingfor uncer-
tainty, noise,andnonlinearity. Errorboundsontheestimatesarefoundto improvewith nonstationarydata
processingmethodswhich extract localizedtime andfrequency content. Adaptive datadecompositions
offer achoiceof basisfunctionsfor enhancedinformationextraction.

Morlet waveletfiltering providesa convenientdecompositionof thedatainto a linearcomponentand
a residualcomposedof nonlinearresponseand noise. Volterra operatorsare designedwith orthonor-
mal, piecewise-polynomialmultiwaveletsto approximatethefirst andsecond-orderkernelsof nonlinear
aeroelasticsystems.This classof multiwaveletsis well-suitedfor theapproximationof Volterrakernels
becausethe functionsareorthogonalandareeasilyadaptedto thefinite domainsover which thekernels
aresupported.
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Figure9: Nonlinearoutputpredictedby theidentifiedsecond-orderkernel.

A first-orderVolterrakernelis identifiedfrom filtereddatato modelthelineardynamics.Thenonlinear
dynamicsarethenmodeledin termsof thesecond-orderVolterrakernel,identifiedfrom theresidualdata.
An examplewas given demonstratingthe potentialof this approachfor obtainingreasonablyaccurate
modelsof nonlinearaeroelasticsystemswith a relatively low numberof waveletbasisfunctions.

DrydenFlight Research Center
NationalAeronauticsandSpaceAdministration
Edwards,California, April 14,2003
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